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Abstract

In this thesis we are investigating the mechanism of quark confinement by means of
pure lattice gauge theory. In particular, we conduct the simulation in pure SU(2)
gauge system, where its non-Abelian properties believed to give a representative
insight of the confinement mechanism. We studied the behaviour of quark free
energy as a function of temperature, and expecting a critical temperature where
confinement state will turn into deconfinement state. Thus the free energy is taken
to be the order parameter for confinement-deconfinement phase transition.

At the beginning we give a short review of lattice gauge field theory, and of
the numerical algorithms needed for our Monte Carlo simulations. Afterwards
we introduce Polyakov loop as the lattice observable where we can extract the
physical free energy. Hence, we are using Polyakov loop as the order parameter on
the lattice to investigate the phase transition. Before running the simulation, we
give the explanation on constructing a finite temperature physics on the lattice. At
the end, we present the result of our Monte Carlo result, which give the conclusion
that for pure SU(2) gauge theory, there exist a critical finite temperature where
deconfinement occur.
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Abstrak

Di thesis ini kami menyelidiki mekanisme confinement dari quark, melalui teori
lattice dengan medan gauge murni. Secara khusus, kami menjalankan simulasi
pada sistem medan gauge SU(2) murni, dimana sifat non-Abeliannya diyakini
dapat merepresentasikan kondisi dalam mekanisme confinement. Kami mempela-
jari perilaku dari energi bebas quark, sebagai fungsi dari temperatur, dan meng-
harapkan adanya temperatur kritis dimana keadaan confinement berubah menjadi
keadaan deconfinement. Maka energi bebas ini digunakan sebagai orderparameter
untuk transisi fase confinement-deconfinement.

Di awal kami memberikan ringkasan singkat mengenai teori lattice medan
gauge, dan algoritma numerik yang dibutuhkan untuk menjalankan simulasi Monte-
Carlo. Berikutnya kami memperkenalkan Polyakov loop, sebagai besaran lattice
yang dari besaran ini kita dapat mengekstrak energi bebas quark. Sehingga, kami
menggunakan Polyakov loop ini sebagai order parameter dalam lattice dalam mem-
pelajari transisi fase. Sebelum menjalankan simulasi, kami memeberi panjelasan
mengenai bagaimana membangun lattice untuk sistem dengan temperatur ter-
tentu. Dan akhirnya kami tampilkan hasil simulasi Monte Carlo, yang memberikan
kesimpulan bahwa sistem medan gauge SU(2) murni memiliki temperatur kritis
dimana deconfinement muncul.
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Chapter 1

Introduction

In nature, interactions between matter and energy are categorized in to four dif-
ferent types of fundamental forces. They are gravitation, electromagnetism, weak
and strong force. Excluding gravitation force, other three interactions are success-
fully formulated in a theoretical framework known as the Standard Model. In the
standard model, these fundamental interactions are described by the gauge field
theory.

Gauge field theory is a quantum field theory having local gauge invariance.
Each interaction is characterized by its own gauge transformation. The strong
interaction, is based on the gauge group of SU(3), known as Quantum Chromody-
namic (QCD). This theory governs the interaction between hadronic matters. For
a gauge theory of SU(N), with N equal to or more than two, they are includes in
non-Abelian gauge theories. One property of this kind of gauge theory is known
as asymptotic freedom [1]. It states that the coupling constant of the interaction
increases as the energy decreases.

To solve the gauge theory, that is to calculate any observable, we make use the
coupling constant to apply a perturbation technique. With this method, we solve
the theory in an analytic way, though sometimes the whole procedure is found
to be cumbersome. However, perturbation theory is only applicable when the
coupling constant is small enough, this cause a problem, according to asymptotic
freedom, in the low energy region. When perturbation theory no longer possible,
we are going to need a non-perturbative method, which in turn might require a
numerical calculation.

Lattice gauge theory is a non-perturbative tool to solve gauge field theory [2].
Here, we discretize the space-time from the beginning, and formulate the field
theory on this discrete space-time. To recover the continuum field theory in the
limit of zero lattice spacing, the symmetries in the continuum theory should be
maintained on the lattice as much as possible. In the lattice gauge theory, the
local gauge invariance is kept on the lattice and therefore the gauge invariance is
guaranteed in the continuum limit. The Lorentz invariance is, on the other hand,
given up and hoped to recover in the continuum limit.
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CHAPTER 1. INTRODUCTION 2

Any field theory build on a lattice gauge theory can be solved by direct numer-
ical calculation. By doing so, we do not have to rely on the perturbation theory
and hence we can calculate physical quantities even when the coupling constant is
too large to be treated perturbatively. Thus, the biggest advantage of the lattice
is its ability to study the QCD in low energy region, which cannot be handled
by perturbation theory. Many important features of nature lies in the low energy
region of QCD, one of these are confinement of quarks. Quark confinement is a
phenomena realized from the observation that quarks always found in a bound
states.

The phenomena of quark confinements so far could only explained in first prin-
ciple by lattice simulation. An interesting issue regarding confinement is the pre-
dicted existence of phase transition in a certain critical temperature. When passing
through this critical temperature, quarks no longer behaves as bound states, in-
stead they can exist as free particles. The investigation of this critical temperature
is one of the attractions offered by lattice gauge theory.

Researches in this field have developed years a go when computer ability is still
limited. Now with fast development of computer performance, deeper insight of
phase transition can be studied. More precise critical temperature, also the order
of phase transition can be predicted for a complex model. Later on, the results
on this investigation can be used in several important matters. For example on
astrophysical theory, the study of elementary particles in high-temperature will be
very useful, since it is believed this condition exist in the early time of our universe.

Identification of phase transition of confinement states can be done by deter-
mining any parameter as the order parameter. At least, three parameters could
be used. First is the Wilson Loop, this lattice observable is related to static
quark-antiquark potential in the continuum limit. Confinement is realized as the
potential increases linearly with distance. Second is the Polyakov Loop, where we
can extract the quark free energy from it. Quark free energy is infinite in confine-
ment state, while it is finite in de-confinement state. Last thing is the ’t Hooft
Operator, from this point of view, quark confinement is produced by some special
class of gauge field configurations, e.g. instantons or center vortices. This thesis
will concentrate on the second parameter. Lattice simulation will be conducted
to calculate the Polyakov loop, at different temperature, expecting a change of
behavior at certain critical temperature.

The observable we wanted to calculate is formulated in its Path Integral rep-
resentation, having the form of ensemble average. The most suitable numerical
methods to calculate this particular form is a Monte Carlo technique. In general,
this method will produce a set of configurations with a Boltzman probability dis-
tribution, in accordance to the path integral form. The expectation value is then
obtained by directly averaging the observable resulting from each configuration.
Many method have developed until these days, several of them are Metropolis [3],
Langevin [4], and Hybrid algorithm [5].



CHAPTER 1. INTRODUCTION 3

Although quark confinement study should involve an SU(3) gauge system, we
will attempt to make a simulation on a SU(2) gauge system. The non-Abelian
nature of SU(2), might produce similar properties of SU(3) gauge system. In fact,
in studying the Polyakov loop, it is sufficient to build a pure gauge system only,
without involving the particles. The simulation of a pure SU(2) gauge theory gives
many benefits; the most important is that it will be possible to use the simplest
Monte Carlo method known as the heat bath method, developed by Creutz [6].
These reasons are the motivations of the research in this thesis: we will run a sim-
ulation of a pure SU(2) gauge system, calculate the expectation value of Polyakov
loop for several temperatures, and hope to observe a critical temperature signaling
a phase transition.

The next chapters will be organized as follows. Basic ideas about lattice gauge
theory given in chapter 2. This chapter also includes the numerical method used
to form the simulation. Chapter 3 explains the realization of a finite temperature
on a lattice, definition of the Polyakov loop as our order parameter, and how this
order parameter could explain the phase transition. Moreover, at the last chapter
we present the results of our calculations, continued with the discussion on the
identification of a critical temperature, which we are targeting from the start. The
work on this thesis is based on the principal on [7].



Chapter 2

Lattice Gauge Theory

2.1 The Euclidean Path Integral

Path Integral representation [8] is the basic framework in formulating a lattice
gauge theory. Furthermore, it is only possible to perform a numerical calculation
of the path integral in Euclidean space, which is obtained by rotating the time to
imaginary axis. We will first discuss in short the path integral representation of a
quantum mechanical system. The reader may consult to some textbook for detail
description [9, 10].

In quantum theory, knowledge on the transition amplitude gives complete in-
formation about the system. We want to obtain the path integral representation
of the transition amplitude (we set ~ = 1)

〈xf , tf |xi, ti〉 = 〈xf |e−iH(tf−ti)|xi〉, (2.1)

this describe the evolution of a particle from position eigenstate |xi〉 to |xf 〉 in time
T = tf − ti. Let the hamiltonian be

H = H0 + V =
p2

2m
+ V (x). (2.2)

Dividing T into N equal parts, T = Nε, and inserting N − 1 complete sets 1 =∫
dxi |xi〉〈xi|, we gets

〈xf , tf |xi, ti〉 =

∫
dx1 · · ·dxN−1〈xf |e−iHε|xN−1〉〈xN−1|e−iHε|xN−2〉

· · · 〈x1|e−iHε|xi〉 (2.3)

The evolution operator of each time segment is called the transfer operator, and
its matrix element the transfer matrix. For large N , implying small ε, the solution
for the transfer matrix can be given by:

〈xj+1|e−iHε|xj〉 =

(
m

i2πε

)1/2

exp

[
iε

(
m

2

(xj+1 − xj)2

ε2
− V (xj+1)

2
− V (xj)

2

)]
(2.4)

4



CHAPTER 2. LATTICE GAUGE THEORY 5

now the complete transition amplitude can be obtained in the way

〈xf |xi〉 = lim
N→∞

(
m

i2πε

)N/2 ∫
dx1 · · ·dxN−1

× exp

[
iε

((
m(xf − xN−1)

2ε

)2

+ . . .+

(
m(x1 − xi)

2ε

)2)

−iε
(

1

2
V (xf ) + V (xN−1) + . . .+ V (x1) +

1

2
V (xi)

)]

= lim
N→∞

(
m

i2πε

)N/2 ∫
dx1 · · ·dxN−1 exp

[
iε
N−1∑

j=0

L(jε)

]

≡
∫
Dx eiS (2.5)

Thus the path integral representation of the transition amplitude can be seen as an
integral over contribution from all possible transition paths. Each path is weighted
by the classical action.

Next we would like to translate this quantum transcription to the case of field
theory. We also start working in an Euclidean space, and will see the advantages
after the final formula is obtain. The object of interest that contain physical
information in field theory is vacuum expectation value of time-ordered products
of the field operators. In a quantum mechanical system, we can also construct
such kind of expectation value. Consider the Euclidean matrix element

〈xf , τf |O(τ2)O(τ1)|xi, τi〉 = 〈xf |e−H(τf−τf )Oe−H(τ2−τ1)Oe−H(τ1−τi)|xi〉, (2.6)

where τf > τ2 > τ1 > τi. Inserting a complete set of energy eigenstate

1 =
∑

n

|En〉〈En|, and in particular E0 = 0,

which means that, for large τ ,

e−Hτ = e−Hτ
[∑

n

|En〉〈En|
]

= |0〉〈0|,

consequently, in the limit τi → −∞ and τf →∞ (2.6) become

〈xf |0〉〈0|Oe−H(τ2−τ1)O|0〉〈0|xi〉,

and similarly
〈xf |eH(τf−τi)|xi〉 −→ 〈xf |0〉〈0|xi〉.
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then, the quantum mechanic version of the vacuum expectation value can be ex-
pressed as

〈0|Oe−H(τ2−τ1)O|0〉 = lim
τi→−∞
τ→∞

〈xf |e−H(τf−τf )Oe−H(τ2−τ1)Oe−H(τ1−τi)|xi〉
〈xf |eH(τf−τi)|xi〉

. (2.7)

We can represent the r.h.s using the path integral as described before. Only that
now the exponential on the transfer matrix contain no imaginary number,

〈xf |e−H∆τ |xi〉 =

(
m

2π∆τ

)1/2

× exp

[
−∆τ

(
m

2

(xj+1 − xj)2

∆τ 2
− V (xj+1)

2
− V (xj)

2

)]
. (2.8)

The Green’s function in field theory, then can be expressed in path integral
representation, using the result obtain before as an analogy.

〈0|T [O(x1)O(x2) · · ·O(xn)]|0〉 =
1

Z

∫
D[fields] O(x1)O(x2) · · ·O(xn) e−SE ,

(2.9)

Z =

∫
D[fields] e−SE , (2.10)

where SE is the Euclidean action and Z known as the partition function. This rep-
resentation opens the possibility to conduct a non-perturbative method in solving
the theory. Lattice is one such implementation of the path integral. In Minkowsky
space, we are dealing with imaginary exponentials, which implies an oscillating
function. This is removed when we work in Euclidean space, thus make the nu-
merical calculation more probable. Furthermore, we see that the Euclidean path
integral resembles much with the canonical ensemble formula in statistical me-
chanics. We then take a lot of advantages of this close connection. We adopt the
concept of ensemble average in doing the numerical calculation. We also use this
connection as hint in constructing a finite temperature system in the lattice, which
is crucial for the topic of this thesis, this will also explained later.

2.2 Quantum Chromodynamics

The theory underlying the strong interaction known as Quantum Chromodynamics
(QCD). It is a gauge theory that invariant under the transformation of SU(3)
gauge group, this refers to three color degree of freedom of the quarks. The free
lagrangian for Dirac fields is

L0 = ψ̄j(iγ
µ∂µ −M)ψj (2.11)
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where j = 1, 2, 3 denote the color fields. The quarks comes in six flavors, M is the
diagonal mass matrix acts on the flavor index. For simplicity, we consider only
one number of flavor, and replace M with a single value m. Besides the global
transformation, we require L to be invariant under the local transformation

φ(x)→ φ′(x) = Uφ(x),

φ̄(x)→ φ̄′(x) = φ̄(x)U †.
(2.12)

U is an arbitrary 3×3 matrix, parameterized as U = exp[iαa(x)λa/2]. λa are eight
generators of the SU(3) gauge group. The generators of the SU(3) gauge group do
not commute each other

[λa, λb] = 2ifabcλc, (2.13)

with the structure constant fabc. This is the property of non-Abelian gauge the-
ory . To arrive at invariant expression, we introduce eight gauge field Aa

µ each
transforming as

Aaµ → Aaµ −
1

g
∂µαa − fabcαbAcµ (2.14)

with g the coupling constant, and form a covariant derivative

Dµ = ∂µ + ig
λa
2
Aaµ (2.15)

to replace the ordinary derivative ∂µ. Hence the QCD lagrangian is

L = ψ̄(iγµ∂µ −m)ψ − g(ψ̄γµ
λa
2
ψ)Aaµ −

1

4
AaµνA

µν
a . (2.16)

with
Aaµν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν. (2.17)

The properties of non-Abelian gauge theory are first studied by Yang and Mills
at 1965 [11], it applies to SU(N) gauge group with N≥ 2, and also known as the
Yang-Mills theory. The (2.16) describe that by demanding an invariant lagrangian
under local gauge transformation, we would have an interaction between the quarks
and the gauge fields, with the coupling g. In SU(3), called as gluons. The gauge
fields also carry color charge as the quarks are. The pure gauge term of the
action is not purely kinetic, but also includes the self-interaction between the
gauge fields. An interacting gauge field is not found in Abelian theory such as
QED. This is an exclusive property of the Yang-Mills theory. This property also
believed to be responsible for the confinement of quarks. Then it is possible to
study confinement from a pure Yang-Mills gauge theory. This thesis concentrate
on a simple alternative to study the problem, that is, to use the SU(2) gauge
group, which is believed to be sufficient in investigating the basic mechanism of
confinement.
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To simulate QCD on the lattice, we are interested in the euclidean path integral
representation of this theory. To get there, we are replacing x0 by ix4. The
differential operator ∂µ replaced by i∂4. We also introduce the euclidean gamma
matrices, γEi = iγi, γE4 = γ0, which obey the anti-commutation relation

{γEµ , γEν } = 2δµν . (2.18)

The transformation of the gauge field behave the same way as the ∂µ, so A0 → iA4,
and AaµνA

µνa → AaµνA
a
µν. Obtaining the action by integrating the lagrangian,

finally the complete euclidean action of QCD is

SEQCD =

∫
d4x ψ̄(γEµD

E
µ +m)ψ +

1

4

∫
d4xAaµνA

a
µν. (2.19)

where now we just put the covariant derivative rather than ∂µ. Now we can have
a real action on the exponential of path integral representation. We write only the
partition function

ZQCD =

∫
D[A]D[ψ̄]D[ψ]e−SQCD . (2.20)

2.3 The Gauge Fields on the Lattice

Having the theory represented in path-integral formula, now we are going to build
the lattice as the method of calculation. The lattice is constructed on a discrete
Euclidean space-time. The geometry of the lattice is in principle not restricted
to particular structure. The most convenient way is to choose an isotropic 4-
dimensions hypercubic. The space-time points, called as sites, are located in dis-
crete coordinates x = na, n = (n1, n2, n3, n4). a is the lattice spacing that denotes
the distance between two nearest sites. The Dirac matter ψ fields lives at each
site. As a first approach, we could also have 4 gauge fields Aµ living at each site,
but this implementation have to be modified regarding the problem on gauge in-
variance. In discrete space-time, the derivative is estimated by a rule that involves
two nearest lattice points, for example a right derivative:

∂µψ(n) = ψ(n + µ)− ψ(n) (2.21)

where n denotes the lattice points, implies that n+ µ is the next nearest point on
µ-direction. When action (2.19) transformed into discrete space-time, a part of
the results will be in the form of bilinear term ψ̄(n)ψ(n + µ). Applying the local
transformation rule on the bilinear term will results in not invariant expression of
the lagrangian.

We will first consider in general an SU(N) group. We denote the element of
the group SU(N), depending on each lattice site, as A(n). A bilinear term in the
form of ψ̄(x)ψ(y) transforms locally as follows,

ψ̄(x)ψ(y)→ ψ̄(x)A−1(x)A(y)ψ(y), (2.22)



CHAPTER 2. LATTICE GAUGE THEORY 9

To arrive to an invariant expression, we need to include a factor that transforms
as follows, denoting it with U :

U(x, y)→ A(x)U(x, y)A−1(y), (2.23)

with it we can form the bilinear expression ψ̄(x)U(x, y)ψ(y) which is clearly in-
variant under local transformation. This kind of transformation can be achieved
by a factor known as the Schwinger line integral, given by

U(x, y, C) = P

[
exp

(∫

C

iAaµdx
µλ

a

2

)]
. (2.24)

where the line integral is taken along the path C connecting x and y, and P
indicates the path ordering of the non-commuting factors Aa

ν(z)λa. This particular
factor also called as parallel transporter. In differential geometry, this term will
act by mapping the point x to point y, which is the endpoint of the path C. With
this prescription we get

U †(x, y, C) = P

[
exp

(
−
∫

C

iAaµdx
µλ

a

2

)]
= U(y, x, C). (2.25)

So, instead of putting 4 Aµ naively on each site, the gauge fields assigned in its
parallel transport form on the place between two sites. In graphical representation,
it is a line connecting two nearest site, called as link variables, or just simply links.

Next task is to formulate the QCD action in the lattice version. To keep
the discussion simple, we only describe the pure gauge action, where this thesis
concentrates in. We write again the pure gauge action, omitting the E label, that
we work in euclidean space is understood,

S =
1

4

∫
d4xAaµνA

a
µν . (2.26)

We need the gauge action formulated in link variables. Firstly, we need gauge
invariant expressions as a function of the link variables only. Such expressions are
constructed by a product of link variables along a closed path on the lattice, this
kind of product usually called as Wilson loop. The most elementary form of such
object is a square loop circling four neighbouring sites, it is called as plaquette.
The figure describes a plaquette in µ− ν plane, We then define

Uµν(n) = Uµ(n)Uν(n + ~µ)U †µ(n+ ~ν)U †ν(n). (2.27)
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The lattice action can be constructed from this elementary gauge-invariant object.
A particular option that is used in this thesis is the action in the form

S[U ] = β
∑

P

(
1− 1

N
ReTr UP

)
(2.28)

where UP stands for the elementary plaquette P , above expression then describe
the summation of all plaquettes in the lattice. This particular option called as the
Wilson gauge action.It have the following properties, it is gauge invariant, bounded
from below (it vanishes when UP = 1 and takes positive values otherwise). And a
crucial property that have to met by any choice of lattice action is that iy must
reduces to the form (2.26) when taken to continuum limit (a→ 0). If we introduce
the link variables by

Uµ(n) = eigaA
b
µ(n)

λb
2 , (2.29)

we will arrive at (2.26) with

β =
2N

g2
(2.30)

The action (2.28) will be used as the weight in our path integral formula. We
are then ready to compute the expectation of an observable (2.9) within a pure
gauge system.

2.4 Numerical Method : The Heat bath Algo-

rithm

It is impossible to calculate the multiple integral (2.9) directly, for there will be
a very high dimensions to be solved. Then as an alternative we have to calculate
the multiple integral using the statistical method. We think the above expression
as an ensemble average. The ensemble is an infinite number of link configurations.
We calculate the observable produced by each configuration, to be averaged with
weight of exp(−S[U ]) on each configuration. Calculating such infinite number
configuration actually makes the multi-dimensional integration even worse. The
crucial idea in statistical method is the technique known as important sampling.
In this way, we generate only the configurations with weight distributed according
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to exponential of the action. Having the sequence of representative configurations
generated, the expectation value is approximated by

〈O〉 ≈ 1

N

N∑

i=1

O({U}i) (2.31)

where {Ui} denote the link configurations generated.
The configurations are generated form random numbers on the computer. Sev-

eral Monte Carlo methods exist to implement this idea. For a pure SU(2) gauge
system, there is a simple method called the heat bath algorithm [6].

Consider the case of the SU(2) action generalized from (2.28),

S[U ] = β
∑

P

(
1− 1

2
ReTr UP

)
(2.32)

with

β =
4

g2
. (2.33)

To update a particular link, we need to consider only six plaquettes containing
that link, which contributes in changing the action. We denote as V , the sum of
six products of neighbouring links that interact with our particular link, we call it
as staple. The distribution to be generated for a every single link is then

dP (U) ∝ exp
[1

2
βTr(UV )

]
dU. (2.34)

We can parameterized the link variable U ∈ SU(2) as

U = a0 + ia · σ, a2
0 + a2 = 1, (2.35)

where σ represents the Pauli matrices. In this parameterization, the group measure
takes the form

dU =
1

2π2
δ(a2 − 1)d4a. (2.36)

the unitarity condition implies

U †. U = a2
0 + a2 = 1, a0 = z(1− |a|2)

1
2 , (2.37)

where z = ±1. In above form, the distribution depends on the precise form of
the matrix V or the staple. However, we can simplify the problem, using a very
useful property of SU(2) elements, saying that any sum of them is proportional to
another SU(2) element:

Ũ =
V√
detV

=
V

k
(2.38)
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where Ũ is an SU(2) element. We can exploit the invariance of the group measure,
applying right multiplication with Ũ−1

dP (UŨ−1) ∝ exp

[
1

2
βkTrU

]
dU

= exp
[
βka0

] 1

2π2
δ(a2 − 1)d4a.

(2.39)

In this form, the problem reduces to generating the point a0 with the distribution
depends on k. The remaining components, a, are points in a 3-sphere with radius
|a| = (1 − a2

0)1/2, with their can be chosen randomly. The distribution of a0 can
be obtain by integrating the delta function of (2.39), yields to (with a0 ∈ [−1, 1])

ρ̃ ∝
√

1− a2
0 exp[βka0] (2.40)

Once the a’s obtain in this way, the new link is updated in the way

U ′ = UŨ−1. (2.41)

Appendix A gives the details on how to generate a random numbers with certain
distribution. In a lattice simulation β is usually used as the independent parameter.
When dealing with thermodynamic system, a term of the inverse temperature also
usually written in β. To avoid confusion we omit the use of β as (2.33), and write
the simulation parameter as 4/g2 instead.

2.5 The Continuum Limit

In the lattice, we are calculating dimensionless quantity. The true observable is
related to the dimensionless quantity, by the lattice spacing a, which have the
dimension of inverse mass. For a theory where the only parameter is the coupling
g, any observable Θ with mass dimension dΘ, is related with the corresponding
lattice quantity Θ̂ by

Θ(g, a) =

(
1

a

)dΘ

Θ̂(g). (2.42)

When the system consists of pure gauge fields, the continuum observable Θ depends
on g and a, while the lattice quantity Θ̂ depends on g only. The question arise
then is whether Θ represent the correct physical quantity or not. The condition
for Θ to be regarded as the correct physical quantity is, that as we move to the
continuum limit, that is by taking a approaches zero, the physical quantity should
remain constant.

As an example, the correlation length l have the dimension of inverse mass, its
relation with the lattice correlation length l̂ is then

l = al̂(g) (2.43)
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The condition for correct continuum limit implies that there have to be a critical
value of g, where l̂ reaches infinity

l̂(g) −−−→
g→gcr

∞ (2.44)

The requirement for critical value of the coupling constant, establishes a functional
relation between g and a, where g would reaches its critical value, as a approaches
zero. As the coupling constant is to varied to achieve a continuum limit, we call it
as the bare coupling, and will be denoted with g0. The physical observable is then
realized as

Θ(g0(a), a) −−→
a→0

Θphys (2.45)

The function g0(a) that we have to determine, have another requirement besides
the critical value condition. g0(a) must have the scaling property. That is, once
g0(a) have determined for one observable, the same g0(a) must also stand for all
other observable.

The function g0(a) is obtained from the so called Renormalization Group (RG)
equation: [

a
∂

∂a
+ β(g)

∂

∂a

]
Θ = 0, (2.46a)

where

β(g) = a
∂g

∂a
. (2.46b)

This equation is introduced when one conduct a renormalization scheme on a
theory. This equation expresses the invariance of Θ as the renormalized observable,
to the change of regulator parameter, in this case the lattice spacing a. (2.46b)
is the Callan-Symanzik β-function [13, 14]. Hence if the β-function is known, we
could integrate (2.46b) to obtain g(a).

The β function is obtained by means of perturbation theory. For SU(2) theory
up to one-loop order, the β function is [1, 15]

β(g) = −11g3

24π2
(2.47)

Integrating this yields the results

a = â exp

(−12π2

11g2

)
(2.48)

where an integration constant â has been introduced, which have the dimension
of an inverse mass. This is known as the asymptotic freedom result. The value
of the integration constant has to be determined by choosing a physical value for
an arbitrary observable Θ. The favored physical quantity which is used to fix the
scale is the string tension [16].
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The string tension can be extracted from a study of Wilson loops, defined as

W (C) =
1

2
Tr
(∏

C

U
)
PO

(2.49)

It is the product of links circulating around a contour C. This quantity represents
the interaction energy of two static sources. If for large separation the interaction
energy increases linearly with distance, then for large contours we expect [2],

lnW (C) ' −(a2K)N�(C). (2.50)

K is the string tension, act as the coefficient of the linear potential. a2N� is the
minimum area covered by the contour. By studying the calculation of W (C) as
the function of N�, we could extract the dimensionless quantity a2K as a function
of the bare coupling g.

We use the results obtained from the Monte Carlo simulations run by Creutz
[6]. For small coupling, the asymptotic freedom result applies. While for large
coupling, Wilson’s strong coupling expansion valid. The relation between a and g
is

a2 = K−1f(g0) (2.51)

where

f = ln g2
0,

4

g2
0

. 2

f = exp

[
−6π2

11

(
4

g2
0

− 2

)]
,

4

g2
0

& 2.

(2.52)

This relationship may be understood qualitatively by the following reasoning. Sup-
pose a quark and antiquark are separated by a fixed number of lattice sites. As g0

increases, the forces between the quark and antiquark increases. The correspond-
ing distance must, according to asymptotic freedom, be increasing. The lattice
spacing is thus an increasing function of g0.



Chapter 3

The Phase Transition at Finite
Temperature

A characteristic of Yang-Mills gauge theory is that at zero temperature it confines
quark. The question arise is then whether this phenomena still holds when the
temperature is raised, or will there exist a critical temperature where deconfine-
ment occur. This problem can be investigated by studying an observable indicating
the confinement or deconfinement state of the system. Furthermore, we could run
a lattice simulation at finite temperature to calculate the non-perturbative ex-
pression of such observable. The first step is then to setup the lattice with finite
temperature.

3.1 Thermodynamics on the lattice

A field theory at finite temperature is closely related with classical thermody-
namics. The object of interest that contains the information of a thermodynamic
system is the partition function Z. Partition function of a quantum system is

Z = Tr(e−βF ), (3.1)

where β = 1/kBT , T is the temperature, kB is the Boltzman constant, which
onward we set kB = 1. Please differ this β with two previous β mentioned.

As in the previous section, we are interested in the path integral representation,
which is the expression to be solved numerically by lattice simulation. We could
use the derivation in previous chapter to obtain the path integral representation
of the partition function straightforwardly.

Consider the coordinate operators Qi with the eigenvalues qi, having the eigen-
states in n degree of freedom of |q〉 = |q1, q2, . . . , qn〉. Then (3.1) is given by

Z =

∫ n∏

α=1

dqα〈q|eβH |q〉. (3.2)

15
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The integrand has the path integral representation just as (2.1) with τ ′−τ replaced
by β, and with the periodic condition qτ ′ = qτ to be identified.

The partition function is obtained by integrating the expression over q, with
the similar technique used in the previous chapter

Z = lim
N→∞
ε→0
Nε=β

∫
DqDp eiφ[q,p]e−

PN−1
l=0 εH(q(l),p(l))|q(N)=q(0), (3.3)

where

DqDp =

N−1∏

l=0

∏

α

dq
(l)
α dp

(l)
α

2π
, (3.4)

and

φ[q, p] =

N−1∑

l=0

∑

α

p(l)
α (q(l+1)

α − q(l)
α ). (3.5)

The corresponding continuum form is obtained by taking the limit N → ∞ and
ε→ 0, given by

Z =

∫

per

Dq

∫
Dp e−

R β
0 dτ [σαipα(τ)q̇α(τ)−H(q(τ),p(τ)], (3.6)

where the subscript periodic is to remind the periodic boundary condition of the
coordinate degrees of freedom. If the Hamiltonian has the form (2.2), we can
perform the Gaussian integration over the momentum, and obtain

Z =

∫

per

[dq]e−
R β
0
dτLE(q,q̇), (3.7)

where

[dq] =
N−1∏

l=0

n∏

α=1

dq
(l)
α√

2πε
, (3.8)

and LE is given inside (2.5).
Thus, the finite temperature is set into the lattice by restricting the euclidean

time to the finite interval [0, β], and imposing the periodic boundary condition for
the gauge field in time direction. Let the size of the lattice is Ns ×Ns ×Ns ×Nt,
with Ns is the spatial size, equal for all three space direction, and Nt the temporal
size. The periodic boundary condition is implemented by setting the gauge field at
t = 0 equal to at t = Nt. To implement the finite time size, in a cubical lattice we
could set a different value for the lattice spacing in time direction, this sometimes
useful for theoretical purpose. But it is more practical in a simulation to set a
common value of a, then a finite time size is implemented by setting Ns much
larger then Nt. the physical temperature and volume are then given by

T =
1

β
=

1

Nta
, V = (Nsa)3. (3.9)



CHAPTER 3. THE PHASE TRANSITION AT FINITE TEMPERATURE 17

We also recall that in the continuum limit, as the bare coupling increases, the
lattice spacing also increases. For a fixed Nt, an increase in a corresponds to
a decrease in T . We conclude that, we could vary the bare coupling to change
the temperature, without having to change the lattice spacing. This is useful to
simulate a certain observable in several temperatures.

3.2 Polyakov Loop

The free energy F is related with the partition function by

Z = e−βF . (3.10)

The partition function of the system consisting of static heavy quark coupled to a
fluctuating gauge potential can be written as

Z =
∑

s

〈s|e−βH |s〉 (3.11)

with the summation over all states |s〉 with heavy quarks at ~x. Introducing the
operators φ†(~x, t) and φ(~x, t) which create and annihilate static quark at position
~x and time t, when acting on the states |s′〉 which do not contain heavy quark.
Using the fact that exp(−βH) generates Euclidean time translations, i.e.,

eβHO(t)e−βH = O(t = β), (3.12)

for any operators O(t), we can write (3.11) in the form

Z = N
∑

s′

〈s′|φ(~x, 0)e−βHφ†(~x, 0)|s′〉

= N
∑

s′

〈s′|e−βHφ(~x, β)φ†(~x, 0)|s′〉, (3.13)

where N takes into account the normalization of the quark state. In the static
limit the quark fields obey the Dirac equation without the kinetic term

(∂4 − ieA4(~x, τ))φ(~x, τ) = 0. (3.14)

Integrating the equation yields to

φ(~x, β) = eie
R β
0 dτ A4(~x,τ)φ(~x, 0). (3.15)

Using the equal-time anticommutation relations

{φa(~xi, t), φb(~xj, t)} = δijδab, (3.16)
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inserting (3.15) to (3.13) will yield the result

e−βFq = Tr[e−βHL(~x)], (3.17)

where we have define
L(~x) = eie

R β
0
dτ A4(~x,τ). (3.18)

The variable L(~x) known as the Wilson Line or Polyakov Loop. The path
integral representation of (3.17) is given by

Z =

∫
DA L(~x)e−S

(β)
G [A] (3.19)

where SG[A] is the finite temperature gauge field action, and where the integration
extends over all fields Aµ(x) and satisfying periodic boundary condition. Dividing
(3.17) by the expression for the vacuum (the state with no quarks) yields the
energy of a system with a single heavy quark relative to that with no quark, and
it is given by

e−βFq = 〈L〉 =
1

V

∑

~x

〈L(~x)〉. (3.20)

The free energy of a static quark and antiquark at a distance ~x − ~y, can be
obtained from the correlation function of two Polyakov loops, having opposite
direction, and base on separated spatial coordinate. We may put the loop for
quark at coordinate ~n and for antiquark at ~m, then the free energy of the system
is

e−βFqq̄(~n,~m) = 〈L(~n)L†(~m)〉. (3.21)

assuming that clustering properties is satisfied, we have that

〈L(~n)L†(~m)〉 −−−−−−→
|~n−~m|→∞

〈L(~n)〉〈L†(~m)〉 = |〈L〉|2, (3.22)

so that
Fqq̄(~x− ~y) −−−−−→

|~x−~y|→∞
2Fq. (3.23)

We can see that if 〈L〉 = 0, the free energy of quark-antiquark pair increases for
large |~x − ~y| with the separation of the quarks. This is interpreted as signalizing
of quark confinement.

〈L〉 = 0⇔ confinement

And if 〈L〉 6= 0, then the free energy of quark-antiquark pair approaches a constant
for large separations. This is interpreted as signalizing of deconfinement.

〈L〉 6= 0⇔ deconfinement

We conclude that the expectation value of the Polyakov loop in a pure gauge
theory serves as an order parameter of a transition of a confined and deconfined
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phase of the system. In the lattice, the expression for Polyakov loop is the product
of link variables on the temporal direction

L(~x) = Tr

Nt∏

t=1

U0(~x, t). (3.24)

3.3 Center Symmetry Breaking

A phase transition usually associated with a breakdown of a certain global transfor-
mation. In an SU(N) gauge theory, there exists the following global ZN symmetry
transformation on a periodic lattice

U0(~x, t)→ zU0(~x, t), z ∈ ZN , (3.25)

with all other link variables unchanged. ZN is the center of gauge group SU(N),
the elements are given by exp(2πil/N) where l = 0, 1, ..., N − 1. The lattice action
or any type of the Wilson loops is clearly invariant under this transformation, with
z and z−1 cancelling on every timelike site. On the other hand, the Polyakov loop
did not share this symmetry. The Polyakov loop transform as

L(~n)→ zL(~n). (3.26)

The global symmetry can now be realized in one of two ways

〈L(~x)〉 =

{
0 unbroken center symmetry phase
6= 0 broken center symmetry phase

(3.27)

Then, we have the relation between the realization of the global center sym-
metry and the confinement phase :

unbroken center symmetry ⇔ confinement
broken center symmetry ⇔ deconfinement



Chapter 4

Results

We begin this chapter with a brief description on our investigation scheme. The
main idea of our simulation is calculate the Polyakov loop as the function of cou-
pling constant, expecting to have a phase transition, then we want to find the
critical temperature. Our procedures in getting the critical temperature are as
follows :

1. We plot the Polyakov loop for every iterations, looking for the most suitable
way in averaging the expectation value. We also make the plots for some
different couplings, as anticipation for the possibility of different behaviour
at different coupling regions.

2. Next we calculate the expectation value of Polyakov loop as the function of
inverse coupling. Hoping to find the phase transition straightforwardly. This
is done for several lattice sizes.

3. If the phase transition is apparent, we extract the critical coupling by curve
fitting.

4. The critical coupling translated to critical temperature using the renormal-
ization results discussed in section 2.3. As expected also from renormaliza-
tion analysis, the critical temperature might vary for different temporal sizes.
The physical critical temperature will be obtained by rough extrapolation.

We have talked about a critical coupling gcr where this value is related with
the continuum limit of an observable. The critical coupling where phase transition
occur will be denoted as g∗, now the difference of gcr and g∗ is to be understood.

4.1 Pass-to-Pass Data of the Polyakov Loop

We present first in figure 4.1 the pass-to-pass data of the Polyakov loop which
is our order parameter. Each plot represents the value of Polyakov loop for one

20
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single heat bath configuration. We show the graphs for three different values of
coupling constants, with lattice size of Nt = 3 and Ns = 7. At small inverse

-0.6
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 0.2

 0.4

 0.6

 0  500  1000  1500

<L
>

iterations

4/g0
2 = 2.00

 0  500  1000  1500
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4/g0
2 = 2.21

 0  500  1000  1500
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4/g0
2 = 2.90

Figure 4.1: Pass-to-pass data of the Polyakov loop in three different coupling
constants.

coupling region, the plots fluctuates around zero, while at high inverse coupling,
they fluctuates around a finite value. Based on this convergence, we conclude
that taking the average value of the plots for several iterations would result in
an acceptable expectation value of Polyakov loop. Meanwhile at 4/g2

0 = 2.21,
the plots fluctuates at a finite value, then after a large number of iterations, they
flipped and fluctuates at the same finite value with reversed sign. Reversal in sign
of magnetization is found at the critical region of Ising model. Then we may guess
that 4/g2

0 = 2.21 is located near the critical region. To get the expectation value,
we pick only the iterations with positive value, and cut the results when it starts
reversing.

4.2 Expectation Value of the Polyakov Loop

In figure 4.2 we show the expectation value of the Polyakov loop as the function
of coupling constant, for several lattice sizes. A phase transition is evidence, the
Polyakov loop is zero at high couplings, and then at a certain critical coupling,
it rises to a finite value. In agreement with the discussion in previous chapter,
thus confinement exists at high couplings, while deconfinement occurs at small
couplings. The shape of the curves depends on temporal size, with only slightly
depends on spatial size. This is obvious, for temperature is related with the tem-
poral size of the lattice.

Having the knowledge that lattice spacing is related with the coupling through
(2.52), we could determine the temporal size as

β = Nta(g2
0) (4.1)



CHAPTER 4. RESULTS 22

 0

 0.2

 0.4

 0.6

 0.8

 0  0.5  1  1.5  2  2.5  3

<L
>

4/g0
2

1 x 53

2 x 53

3 x 63

3 x 73

Figure 4.2: Polyakov loop at several couplings, the transition is evidence.

and obtained the temperature from it. It is plausible that the any critical temper-
ature would vary with Nt in such a way the temperature reaches a finite limit as
Nt grows.

4.3 The Critical Temperature

To obtain the estimation of critical coupling, g∗0, we fit the plots near the transition
to the power-law function

〈L〉 = A

(
4

g2
0

− 4

g2∗
0

)B
. (4.2)

We present the fitting result in figure 4.3. We then use (2.51) and (2.52) to obtain
the critical temperature. The scale is set by

√
K = 400 MeV. The results for each

temporal size are presented in table 4.3. The physical critical temperature may
not be far from the result obtained from our largest lattice (Nt = 3). We use a
rough extrapolation to find the physical critical temperature, and yields

T ∗cr(Nt →∞) ' 170 MeV (4.3)
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Figure 4.3: Power-law fitting function to estimate the critical coupling.

Table 4.1: The critical coupling for several lattice sizes

lattice size a(g∗20 ) aNt T ∗

(Nt ×N3
s ) 4/g∗20 (GeV−1) (GeV−1) (MeV)

1× 53 0.888 3.07 3.07 326.0
2× 53 1.869 2.18 4.36 229.3
3× 73 2.158 1.63 4.90 204.0
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Discussion

The graph of Polyakov loops expectation value has clearly shown the phase transi-
tion predicted for non-Abelian theory on a finite temperature. But the exact value
of the critical temperature obtained here might contain several sources of errors.

To mention them briefly, the source of errors comes from Monte Carlo method
in getting each expectation value, the fitting method used to get the critical cou-
pling, the renormalization result in (2.52), and last is rough extrapolation in ex-
tracting the physical critical temperature. The curve fitting method used in this
thesis is an iteration method varying three parameter A,B and the critical coupling
in (4.2), picking the values where the standard deviation is smallest.

Todays advance researches surely have overcome some errors above. The Monte
Carlo errors decrease by the use of high performance computing elements. Allow-
ing the construction of lattice with big sizes, small a, and more iterations to be
averaged. While for renormalization analysis, the β-function resulted from higher
order calculation might be more accurate.

The motivation on this thesis is simply implementing a Monte Carlo simulation
on a lattice system of a pure gauge field, the accuracy of the result comes only
as second priority. Obtaining a quite convincing outcome showing the predicted
behaviour, giving the conclusion that lattice gauge theory is useful for studying
non-perturbative problems.

24



Appendix A

Updating Algorithm

We need to use random numbers that uniformly distributed in the range (0, 1],
to construct random numbers with any probability distribution. For this, we are
using an algorithm originally developed by Park and Miller [12]. This particular
algorithm generates long period random numbers so it gives high-quality random-
ness.

A probability density or distribution describe the probability in getting a random
variable within some interval, from a set of continuum random variables. We write

P (x1 ≤ X ≤ x2) =

∫ x2

x−1

p(x)d(x) (A.1)

Where X is a random variable, P is the probability, and p(x) is the probability
density. If the random numbers are generated in a fixed range, say in an interval
[a, b], then we normalized the probability distribution as

∫ b
a
p(x)d(x) = 1. A

uniform distribution in interval (a, b) corresponds to the probability density p(x) =
1/(a− b). We also define a cumulative probability distribution as

F (x) = P (X ≤ x) (A.2)

and we can see its relation with the probability density is

p(x) =
dP

dx
. (A.3)

If we perform a transformation of variable, say from x to y(x), the probability
density would change to p̃(y), but the cumulative probability distribution should
stay the same. So we have a requirement

dP (x) = dP̃ (y) (A.4)

when doing a change in variable.

25
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First we consider the generation of random numbers y distributed according to
the density

p̃(y) =
1√
π

e−y
2

. (A.5)

It will be useful to consider the generation of a couple y1, y2 of independent Gaus-
sian random numbers. Independent means that

dP̃ (y1, y2) = p̃(y1)dy1 p̃(y2)dy2. (A.6)

We make the transformation y1 = ρ cos θ and y2 = ρ sin θ, where ρ ∈ [0,∞) and
θ ∈ [0.2π). According to (A.4) and using (A.6) we have

dP (ρ, θ) = dP̃ (y1, y2) =
1

π
ρe−ρ

2

dρdθ

= d
(
1− e−ρ

2)
d

(
θ

2π

)
. (A.7)

This is equivalent to the generation of a couple (ỹ1, ỹ2) of independent uniform
random numbers in the range [0, 1) together with the transformations ỹ1 = 1 −
exp(−ρ2) and y2 = θ/2π). We obtain the value for (y1, y2) from

y1 =
√
− ln(1− ỹ1) cos(2πỹ2)

y2 =
√
− ln(1− ỹ1) sin(2πỹ2). (A.8)

Second kinds of distribution we want to generate have the density

p(y) =
2√
π

√
ye−yΘ(y), (A.9)

where Θ(y) is the step function, it is 1 for y > 0 and 0 for y < 0. We define two
kinds of distributions for two independent variables

p(a) =
2√
π

e−a
2

Θ(a) and (A.10)

p(b) = e−bΘ(b). (A.11)

Then make a trasformation on the variables according to

z̃ = a and z = a2 + b, (A.12)

so we get the relation

dP (z̃, z) = dP (a, b) =
2√
π
e−zΘ(z̃)Θ(

√
z − z̃)dz̃dz. (A.13)

By integrating over all possible values of z̃, which is z̃ ∈ [0,
√
z), we get the

probability density for z alone, the result is

p(z) =

∫ √y

0

2√
π
e−yΘ(z)dz̃ =

2

π

√
ye−zΘ(y).

which is just (A.9). To generate a we could use any one from (A.8). To generate
b, we perform a change in variable b = − ln(1− η).
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A.1 Updating the Links

We recall in the heat bath method we want to generate a0 with the probability
distribution

ρ̃ ∝
√

1− a2
0 exp[βka0]

We perform the change in variable

y = ρ(1− a0) ∈ [0, 2ρ]. (A.14)

the probability distribution in this new variable then

dP (y) ∝
(

2− y

ρ

)1/2√
ye−ydy. (A.15)

Thus we can use the same method as we generate (A.9). In details, we generate
three random numbers uniformly distributed in (0,1], call them as η1, η2, η3, and

a0 =
1

βk

[
− ln(η1)− ln(η2)× cos2(2πη2)

]
(A.16)

Only that, the omitted factor what takes into account as an accept-reject step. A
flat random number η4 ∈ [0, 1) is generated, if

2η2
4 ≤ 2− 2

ρ
(A.17)

we perform the change in a0 above. After obtaining the new a0, we construct the
link variable as explained in 2.4
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